
^A. Fnortn NurvrBER
To VnnrABLE3
Tnn,NsITIoN To
ArcEBRAtc
Fe.croRING

C'ORNELIUS DE GROOT

Dr. Cornelius (Kees) de Groot is an
assistant professor of elementa4r
education at SUNY New Paltz in New
York State. His interests are related to
learning transitions in mathematics and
pertormance assessment. Dr. de Groot
is director of the NYS K-8 Math Mentor
Network and is the editor for Secondary
Math Exemplars.

The middle grades are an important t ransi t ional
period toward more formal approaches in mathematics in

high school.  Hirsch and Lappan (1989) ident i fy three

important dimensions in which this transition must occur:
(1) f rom number to var iable,  (2)  f rom speci f ics to
generalizations, and (3) from description to proof. In this

art ic le,  I  wi l l  focus on the f i rst  dimension of t ransi t ion,
f rom number to var iable,  as wel l  as the second

dimension, from specifics to generalizations. I will view a

transition toward algebraic factoring in two ways: a) as

the study of  pat terns and relat ionships and b) as
general ized ar i thmet ic (see Fernandez and Anhal t ,

2001).  I  propose a method that employs students '
number sense and their  knowledge o{ patterns wi th

whole numbers and integers.  Whi le th is method is

intended for middle grades, i t  can be used with high

school students, who do not have a grasp on algebraic
factor ing, even though they have been taught how to

factor before. l t  is not the intent ion of this art ic le to
provide a shortcut to algebraic factoring. Rather, this

method aims at a conceptional level of understanding
factoring.

Prerequlsite l(norvledge
I  wi l l  begin by providing an inventory of ski l ls and

knowledge that should be in place for the method to



work successfully. Students need to be able to factor
negative integers and positive integers, using the rules
for mult ip ly ing integers. For example, 17 factors as
1 x 17 and -1 x -17, whi le -17 factors as -1 x 17 and
1 x -17. Students must have wel l -developed ideas
about patterns and relationships, a) within a sequence of
numbers, and b) between two sequences of numbers.
Within a sequence, students should be able to recognize
common differences and they should be able to extend a
pattern with this knowledge. They should also be able to
recognize that all elements in a sequence may have a
common factor, or a greatest common factor. Between
sequences, patterns focus on the relat ionship of  a
sequence to the natural  numbers and later the set of
integers.  This means that they should be able to
generate the nth term of a sequence. Students need to
be able to substitute a value for a variable in (linear and
quadrat ic)  a lgebraic expressions and calculate the
expression value. Last,  students need to be able to
factor numbers and be able to choose a factor pair such
that a pattern will develop. This is explained in the next
section.

Factorlng Using Patterns
Students begin this method by calculating the values

of the expression for a sequence of chosen ( integer)
values of the variable in a table. lt is important that the
chosen values of the variable are in a pattern such as
consecut ive whole numbers or integers.  In the
beginning the teacher should choose the values such
that he/she does not end up with negat ive integer
expression values. Negat ive integer values should
follow after students become sufficiently familiar with the
method. We will begin by investigating the expression:
5x + 10. Let x = 1,2,3,4,  and 5 (see Table 1).  Next
explain to the students that  they wi l l  factor each
expression value in two columns, First  Factor and
Second Factor. In the case of linear expressions the first
factor will be a constant. Students should recognize that
in Table 1, all expression values have 5 as their greatest

common factor.  From this thev should determine the
second factors.

Now it is time to develop a relationship between the
x-values column and the column of second factors. I
have found it helpful when students cover up everything
between these columns and look for the pattern across.
This establ ishes a one-to-one correspondence of the
variable x with the associated col lect ions of f i rst  and
second factors.  Then they can general ize the
factorization as 5x + 10 = 5(x + 2), as can be seen in the
column labelled "pattern". I have used n as the general
value substituted for x in all the examples I present in
this art ic le.  After suff ic ient experiences, students can
begin to investigate quadratic expressions and apply the
same method. We wi l l  begin with quadrat ic binomials
and then proceed to trinomials.

Fa,ctorlng CLuadratic Expresslons
Table 2 demonstrates the method for the quadratic

binomial .  Students wi l l  not be able to f ind a greatest
common factor in this set of expression values. Their job

now is to choose factor pairs for each expression such
that the factors in each column form a pattern.

In the table, start with products that factor in one or
two ways only,  such as pr imes, and then do the
remaining factor izat ions so these f i t  a pattern.  For
example,  3 = 1 x3;  15 = 3x5; and 35 = 5x7. Another
agreement, which is not always possible to follow, is thai
the smal lest  of  the factors goes in the First  Factor
column. Have students articulate the pattern in words
and then in symbolic form. For example, "the first factor
column is a one-more pattern start ing at  1 and the
second factor column is a one-more pattern starting at
3.u

This method works well for binomials with common
factors in each term as we saw in the first example. The
next example, 5x2 + 10x, is a combination of examples 1
and2.

Toble 2

x x2 +2x Firsf Fsdor Serond Foclor polfern

3 3 I ( l +2)

2 I 2 4 2(2+21

3 l5 J 5 3(3+21

4 24 4 6 4|r4+21

5 J] 5 7 5(5+21

n n2 +2n n n+2 n(n+21

Toble I

X 5x+l 0 First Foclor Second tocfor potlern

l5 ( 5(l +2)

2 20 4 512+21

J 25 5 5(3+2)

4 30 5 6 5(4+2)

5 35 5 I 5(5+2)

n 5n+l 0 5 n+2 5(n+2)



Most students wi l l  connect this quadrat ic binomial

with the previous l inear and quadrat ic examples and

realize that all expression values will have a greatest

common factor of 5. This will result in the initial First and

Second Factor columns. St imulate students to try to

continue factoring the Second Factor column into two

new columns (like example 2) until a pattern develops.

After some experiences some students may start to see

that algebraically a common factor can vary in a pattern,

such as demonstrated in Table 3b.

In Table 4, the process is applied to the expression

x2 - 49, a di f ference of squares. This wi l l  introduce

factor ing over the integers.  l t  may not be easy to

determine which factor pairs to use, s ince some

numbers in the expression column can be factored in

several ways. lt may be helpful to point out to students

to decide first how 33 and 45 can be factored. Next,

choose lhe best place for the negat ive s ign, again

emphasiz ing the need for a pattern that  leads to a

general izat ion.  You may need to extend the table

beyond x = 5 for some students who have di f f icul ty

seeing the relat ionship between the x-values and the

First Factor values. Notice, however, that this problem is

an excellent opportunity to involve students' knowledge

of adding and subtracting integers, which is supported

here by looking for patterns. lt is important that when

students complete the factor columns via discovery of

patterns, they should check that the factors obtained

multiply correctly to the corresponding expression value.
This may invalidate an inferred pattern or confirm it'

Frorn Spectfics to Generalization

After some practice, it is important to discuss with the
students that the algebraic factorization gives information

about how a specific set of products generated by an

expression can always be decomposed in two or more

factors in a patterned manner.  The idea of

general izat ion is what is powerful  here and often not

understood by students. l t  reveals the structure of

algebra very c lear ly and makes a conceptual  l ink

between factor ing wi th numbers and the patterned

factoring in algebra.

Factorlng Trinornlals

The proposed process also works well for trinomials
(see Tables 5 and 6), even with the coefficient for x2

being greater than 1 or negat ive (see Table 7).  The

example in Table 5 is interesting, because there appears

to be a common factor of two. In fact, all expression

values are even.

This can be proved by looking at  the algebraic

factors: if x is even, then x + 2 is even and x + 3 is odd,

thus their product is even. lf x is odd, then x + 2 is odd

and x + 3 is even, therefore the product is also even' As

you can see in the factor columns, the common factor 2

is not consistently in the same column, and therefore it

Toble 3o

x 5x2 + l0x First FoctorSecond toclorFirsl FoclorSecond Foclo potlern

I l5 5 3 I 3 5(l )(l +2)

2 40 5 I 2 4 5l2ll2+21

3 75 5 t5 J 5 5(3)(3+2)

4 r20 5 24 4 6 5{4)(4+2)

5 175 5 35 5 7 5(5)(5+2)

n 5n2 + l0n 5 n n+2 5n(n+2)

Toble 4

I -48 -6 I (l -7Xl +7)

2 .45 .5 9 l2-7112+71

J -40 -4 l0 (3-7)(3+7)

4 -33 -3 I I l4-7114+71

5 -24 -2 12 (5-7)(5+7)

n n2-49 n-7 n+7 1n-/)(n+7)

Tohle 3b

x 5x? + l0x Fir$ Foclor Second Foctor pottern

t5 5 J 5(l Xl +2)

2 40 l0 4 5l2ll2+21

3 75 t5 5 5(3)(3+2)

4 r20 20 6 5(a)(4+2)

5 175 25 I 5(5)(5+2)

n 5nr + l0n 5n n+2 5n(n+2)

Tohle 5

x x2+5x+6 Firsl Focfor Second toclor pollern

l2 J 4 (l +2Xl +3)

2 20 4 5 (2+2X2+3)

3 30 5 6 (3+2)(3+3)

4 42 6 7 (4+2X4+31

5 56 I (5+2)(5+3)

n n2+ 5n + 6 n+2 n+3 (n+2Xn+3)



should not be factored out here.  l t  wi l l  remove the
pattern in both columns. To avoid this you may want to
start  with an expression such as x2 + 4x + 3. This
methods also works very well for pedect squares such
asx2+ 4x+4andx2-6x+9.

The example in Table 6 again allows for students to
consider factors of negative products and patterns with
integers. You can start a discussion with students about
how they could avoid the occurrence of  negat ive
products by choosing the values of x carefully, in this
case stafting at x = 3.

In Table 7,  you can observe that the f  i rst  two
expression values have straightforward factorizations
and may establish the pattern. All first factors increase
by one, start ing al  2,  and al l  second factors are
consecutive odd numbers, starting at 5.

Therefore,  the factor izat ion of  the expression is
(x + 1)(2x + 3), as can be noted in the pattern column.
But this may not be obvious for all students. This may
require some of the additional strategies described in the
next section. This method works for any quadratic
expression, but as you can see from the last example, it
requires increasing sophist ication with patterns when
factors are of forms other than x + a.

Connectlng wtth the Functlon
Concept

Up to this point the method proposed has tried to link
with students' number sense and their understanding of
patterns within and between sequences of numbers. For
more complex situations you may want to use the area
model, often demonstrated with Algebra tiles (see, for
exam pf e, ht tp : / /www. u cs. m u n. cal-  mathed /L/ r  c l  algl
t i les/t i lesl .html).  However,  I  propose to look at these
situations from a graphical/function point of view. lf we
view the quadratic expression as a function, then it can
be thought of as the product of two linear functions. This
approach is readily available to middle grades students
by using graphing calculators or spreadsheet programs.

To take the function view, it is necessary for students
to have knowledge of linear functions, and the ideas of
slope and y- intercept.  They should be able to graph
l inear funct ions.  This can be done on a graphing
calculator,  enter ing the table values and using l ine of
best fit, or a spreadsheet, entering the table values and
using a trend line capability, to make the connection with
graphical representation. This means that students can
try to fit a linear equation with each column of factors
and the column of chosen x-values. lf students include 0
in their choices for x, the y-intercept will roll out for free
and after determining the slope the factors are then of
the form mx + b. lf you do not include 0 for x, as done
above, you can use the point-slope formula when two
points are known. I  wi l l  f i rst  i l lustrate th is wi th the
example in Table 7 and then I willgive an example where
we can get to the slope, y-intercept form more directly.

For the first factor, I can choose two points of the form
(x, f i rst  factor),  (1,2) and (2,3).  Using the point-slope
formula will yield y = x + 1. Therefore, (x + 1) represents
the general first factor. Using (1,5) and (2,7) tor the second
factor will yield y = 2x + 3. Therefore, (2x + 3) represenls
the general second factor. One of the things that need to
be emphasized is that the same general factor must come

Toble 6

x x2-2x-3 Fh$ Foclor Second Foclor potlern
I
I 4 2 -2 ( l  +l)( l -31

2 -3 3 I (2+l )(2-3)
3 0 4 0 (3+l l(3-3)
4 5 5 I (4+l X4-3)

t2 6 2 (5+l)(5-31

n n2-2n-3 n+l n-3 (n+l )(n-3)

Toble 7

x 2x2+5x+3 First Foclor Serond Fqdor potlern

t0 2 5 (l +l )(2xl +3)

2 2l J 1 (2+l )(2x2+3)
3 36 4 I (3+l )(2x3+3)
4 55 5 l l (4+l )(2x4+3)
5 78 6 t3 (5+l X2x5+3)

n 2n2+5n+3 n+l 2n+3 (n+l l(2n+3)

Toble I

X 6x2 +x-2 tirsl Foclor Second Foclor Pollern

-3 49 -7 -7 (2x-3-l )(3x-3+2)
-2 20 -5 .4 (2x-2-l X3x-2+2)
-l J -3 I (2x-l-l X3x-l +2)

0 -2 2 (2x0-l )(3x0+2)
I l I 5 (Zxl-l X3xl +2)

2 74 3 I (2x2-l X3x2+2)

n 6nz + n-2 2n-l 3n+2 (2n-l X3n+2)



from any choice of two points. lf students get several

different general factors for arbitrary choices of pairs of
points,  they must conclude that there is no general

factorization possible for that quadratic expression.

Table B is an example where I chose 0 as one of the

x-values and where patterns are maybe more difficult to

discern.

For the first factor you can see that the y-intercept is

-1 and the slope is 2, making (2x- 1) the first factor, and

that similarly the second factor is (3x + 2). This appears

to be easier. However you may not be able to avoid

having to deal  wi th negat ive factors.  I  found that

spreadsheets and graphing calculators that allowed for

curve fitting generated these expressions very easily as

well. As stated earlier, the tabular format forms a good

transition to using this technology.

Shorving that Factorlng C.annot
be Done

Students can also decide that an expression can not

be factored by means of  th is technique. Let the

expression be x2 + x + 1. Then the table looks as follows:

Toble 9

x x2+x+l firsl foclor serond fodor

I J 3

2 7 7

3 t3 l3

4 2l I  or3 2l or7

5 3l 3l

Only one of the values in the second column can be

factored other than using primes. Therefore, there is no

general  factor izat ion possible of this tr inomial .  This

method does not dist inguish between non-factorable

expressions whose correspondng equation has irrational

roots,  for example x2 + X = -1 ,  and those that have

complex roots, such as the above example.

C.onclusions
You can cont inue to exper iment fur ther wi th th is

method before you take it to your class. For example,

this method extends to simplifying rational expressions.

You are encouraged to try this method for yourself and

determine whether i t  is  a useful  strategy in your

classroom. l t  worked wel l  for me when I  did this with

remedial high school students, who had not learned how

to factor after two years of formal instruction. Experiment

with choosing x-values such that negative product values

show up. Does this method work with expressions of

degree other than 2? How could you employ a

spreadsheet or a graphing calculator with this method?

I have found that students' development in learning

algebra hi ts a symbol ic wal l .  When I  returned to my

students' number sense and their sense of pattern, they

could discover how each algebraic expression generates

a special  set  of  numbers that  can be factored in a
patterned way. This provided meaning to their learning

of algebra.  l t  was not unt i l  af ter  the algebra was

meaningful to my students that they were open to using

other ways of investigating these problems. I helped my

students derive meaning by connecting with what they

knew well.
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